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Let G be a countable abelian semigroup satisfying a suitable finiteness condi-
tion, and let L s [ L be the free Lie algebra generated by a G-graded vectora g G a
space V over C. In this paper, from the denominator identity, we derive a
dimension formula for the homogeneous subspaces of the free Lie algebra L s
[ L and discuss numerous applications of our dimension formula to variousa g G a
interesting cases. Our dimension formula will be expressed in terms of the Witt
partition functions. Various expressions of the Witt partition functions will give rise
to a number of interesting combinatorial identities. As a special case, we obtain a
recursive relation for the coefficients of the elliptic modular function j. Q 1996
Academic Press, Inc.
INTRODUCTION
 .Let V be an r-dimensional vector space over C and let L s F V be the
Free Lie algebra generated by V. Then the Lie algebra L has a Z -) 0
gradation L s [` L by setting deg ¨ s 1 for all ¨ g V. The dimensionsns1 n
of the homogeneous subspaces L are given by the Witt formulan
1
n r ddim L s m d r , .n n <d n
 w x.where m is the classical Mobius function cf. Bo, J, Se . The mainÈ
ingredient of the proof of the Witt formula is the following identity:
`
dim Ln n1 q q s 1 y rq , .
ns1
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which is a consequence of the Poincare]Birkhoff]Witt Theorem. We willÂ
interpret the above identity as the denominator identity for the free Lie
algebra L s [` L .ns1 n
In this paper, we work in a much more general setting. Suppose G is a
countable abelian semigroup such that every element a g G can be
written as a sum of elements in G only in finitely many ways. Let
 .V s [ V be a G-graded vector space over C with dim V s d a - `a g G a a
 .for all a g G, and let L s F V be the free Lie algebra generated by V.
Then the Lie algebra L has a G-gradation L s [ L induced by thata g G a
of V. The main purpose of this paper is to derive a closed form dimension
 .formula for the homogeneous subspaces L a g G , and to discuss aa
number of applications of our dimension formula to various interesting
cases.
In Section 1, we start with an interpretation of the Euler]PoincareÂ
principle for the homology modules over graded Lie algebras as the
denominator identity for the graded Lie algebras. In particular, if L s
[ L is the free Lie algebra generated by a G-graded vector spacea g G a
 .V s [ V over C with dim V s d a , then the denominator identitya g G a a
for the free Lie algebra L is equal to
dim La aa1 y e s 1 y ch V s 1 y d a e . .  . 
agG agG
 . `  k .Now, using the formal power series log 1 y t s y t rk and theks1
Mobius inversion, we will derive from the denominator identity a niceÈ
 .closed form dimension formula for the homogeneous subspaces L a g Ga
 w x w x.of L Theorem 1.1: see also Ka1 and Ju . Our dimension formula will be
expressed in terms of the Witt partition functions associated with the
partitions of the elements in G. In many cases, by taking the logarithm of
the right-hand side of the denominator identity, we will be able to obtain
simple expressions of the Witt partition functions. Moreover, various
expressions of the Witt partition functions will give rise to a number of
interesting combinatorial identities.
In Section 2, we recover the Witt formula as a special case of our
dimension formula and consider a ``one-dimensional generalization'' of the
Witt formula. More precisely, let V s [` V be a Z -graded vectoris1 i ) 0
 . `space over C with dim V s d i - ` for all i G 1, and let L s [ L bei ns1 n
the free Lie algebra generated by V. Then the dimensions of the homoge-
neous subspaces L are given by the formulan
< <1 s y 1 ! . sidim L s m d d i , .  .  n d s!<  .d n sgT nrd
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 .where T n denotes the set of all partitions of n into a sum of positive
 .integers Theorem 2.2 .
Similarly, in Section 3, we consider a ``two-dimensional generalization''
`  .of the Witt formula. That is, let V s [ V be a Z = Z -gradedi, js1  i, j. ) 0 ) 0
 .vector space over C with dim V s d i, j - ` for all i, j G 1, and let i, j.
L s [` L be the free Lie algebra generated by V. Then them , ns1 m , n.
dimensions of the homogeneous subspaces L are given by the formulam , n.
< <1 s y 1 ! . si jdim L s m d d i , j , .  .  m , n. d s!< .  .d m , n sgT mrd , nrd
 .  .where T m, n denotes the set of all partitions of m, n into a sum of
 .ordered pairs of positive integers Theorem 3.1 . Applying the above
generalizations of the Witt formula to various special cases, we obtain
simple expressions of the Witt partition functions. Moreover, we derive a
number of combinatorial identities which relate the various Witt partition
functions.
Finally, in Section 4, we interpret the product formulas for formal power
series as the denominator identities for graded Lie algebras. As a special
case, we consider the elliptic modular function
`
n y1 2j q y 744 s c n q s q q 196884q q 21493769q q ??? . .  .
nsy1
 . w xAs a consequence of the product formula for j q y 744 obtained in B2 ,
we derive a product formula
` `
 .c m nm n i j1 y p q s 1 y c i q j y 1 p q . .  . 
m , ns1 i , js1
`  .Now, let V s [ V be a Z = Z -graded vector space over Ci, js1  i, j. ) 0 ) 0
 . `with dim V s c i q j y 1 for all i, j G 1, and let L s [ L be i, j. m , ns1 m , n.
the free Lie algebra generated by V. Then the above product formula can
be interpreted as the denominator identity for the free Lie algebra L.
Applying our dimension formula to this setting, we obtain a complete
 .recursive relation for the coefficients c n of the elliptic modular function
 .  .j q y 744 Corollary 4.2 :
< <1 s y 1 ! . si jc mn s m d c i q j y 1 . .  .  .  d s!< .  .d m , n sgT mrd , nrd
w xThe above relation was obtained independently by Kang Ka2 and
w xJurisich Ju using the theory of generalized Kac]Moody algebras. Let M
FREE LIE ALGEBRAS AND THE WITT FORMULA 563
be the Monster simple group and let V h s [` V h be the Moonshinensy1 n
w x w x w xModule for the Monster simple group M FLM . Then, in JLW and KK ,
 .the above relation was generalized to the relations of the coefficients c ng
 .y g M of the Thompson series
` `h n n<T q s Tr g V q s c n q . .  .  /g n g
nsy1 nsy1
w x  .It was pointed out in JLW that all the coefficients c n are completelyg
 .  .  .  .determined if the values of c 1 , c 2 , c 3 , and c 5 are known for allh h h h
h g M. In particular, the above relation is a complete recursive relation
 .  .determining the coefficients c n of the elliptic modular function j q y
744.
1. THE DENOMINATOR IDENTITY
Let G be a countable abelian semigroup such that every element a g G
can be written as a sum of elements in G only in finitely many ways. For
example, the semigroup Z of positive integers satisfies the above condi-P 0
tion, whereas the monoid Z of nonnegative integers does not.) 0
Let V s [ V be a G-graded vector space over C with dim V - `a g G a a
 .for all a g G, and consider the free Lie algebra L s F V generated by
V. For each a g G, let L be the subspace of L spanned by all the vectorsa
www w x x x x  .of the form ??? ¨ , ¨ ??? ¨ ¨ k G 1 with ¨ g V such that deg ¨1 2 ky1 k i 1
q ??? qdeg ¨ s a . Then the free Lie algebra L has a G-gradation L sk
[ L .a g G a
In this paper, we will use the denominator identity for the free Lie
algebra L s [ L to derive a closed form dimension formula for thea g G a
 .  w x.homogeneous subspaces L a g G cf. Ka1, Ju , and discuss its applica-a
tions to various special cases. In particular, we will derive a number of
interesting combinatorial identities.
Let us consider first the general G-graded Lie algebras L s [ La g G a
such that dim L - ` for all a g G. Let C be the trivial one-dimensionala
 .  .L-module. Recall that the homology modules H L s H L, C are de-k k
termined from the complex
dkk ky1??? ªL L ª L L ª ??? .  .
d d1 01 0ª L L ª L L ª C ª 0, 1.1 .  .  .
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k . ky1 .where the differentials d : L L ª L L are defined byk
sq t w xd x n ??? n x s y1 x , x n x n ??? .  .k 1 k s t 1
s-t
$ $
nx n ??? n x n ??? n x 1.2 .s t k
for k G 2, x g L, and d s d s 0.i 1 0
k .For each k G 0 and a g G, we define L L to be the subspace ofa
k .  .L L spanned by the vectors of the form x n ??? n x x g L such that1 k i
 .  . k .deg x q ??? qdeg x s a . Then the space L L has a G-gradation with1 k
finite dimensional homogeneous subspaces, and hence the homology mod-
 . k .ule H L inherits a G-gradation from L L . Therefore, by applying thek
 .Euler]Poincare principle to 1.1 , we obtainÂ
` `
k kky1 ch L L s y1 ch H L . 1.3 .  .  .  .  .  k
ks0 ks0
It is well known that
`
k dim Lk a ay1 ch L L s 1 y e . 1.4 .  .  .  . 
agGks0
 .On the other hand, from the right-hand side of 1.3 , we define the
homology space of the G-graded Lie algebra L to be an alternating direct
sum of homology modules:
`
kq1H s y1 H L s H L ] H L [ H L ] ??? . 1.5 .  .  .  .  .  . k 1 2 3
ks1
 .Then 1.3 can be written as
dim La a1 y e s 1 y ch H . 1.6 .  .
agG
 .We will call 1.6 the denominator identity for the G-graded Lie algebra
 w x.L s [ L cf. KaKi .a g G a
 .The identity 1.6 is a generalization of the usual denominator identity
for symmetrizable Kac]Moody algebras and generalized Kac]Moody alge-
 w x.  .bras cf. K1, GL, B1 . For example, let g s g A be a symmetrizable
Kac]Moody algebra associated with a generalized Cartan matrix A s
 . ya with the Weyl group W, and let g be the subalgebra of gi j i, jg I
 .generated by the negative root spaces. We apply the identity 1.6 to the
Lie algebra L s gy. By Kostant's formula for the homology modules over
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w xsymmetrizable Kac]Moody algebras Ko, GL , we have
H gy s C . [k wryr
wgW
 .l w sk
 .for k s 0, 1, 2, 3, . . . . Hence the right-hand side of 1.6 is equal to
 .l w wryr1 y ch H s y1 e , .
wgW
which yields the denominator identity for symmetrizable Kac]Moody
algebras
 .dim g l wya wryra1 y e s y1 e . .  . 
agD wgWq
Now, let V s [ V be a G-graded vector space over C with dim V sa g G a a
 .d a - ` for all a g G, and let L s [ L be the free Lie algebraa g G a
 .  .generated by V. Then, since H L s V and H L s 0 for all k G 2, the1 k
 .homology space H is equal to H s H L s V. Therefore, the denomina-1
tor identity for the free Lie algebra L is the same as
dim La aa1 y e s 1 y ch V s 1 y d a e . 1.7 .  .  . 
agG agG
We will derive a closed form dimension formula for the homogeneous
 .subspaces L of L from the denominator identity 1.7 .a
 .  < 4  .  4Let P V s a g G dim V / 0 , and let P V s t , t , t , . . . be ana 1 2 3
 .  .enumeration of P V . We denote by d i s dim V . For t g G, definet i
<T t s s s s s g Z , s t s t , 1.8 .  .  . 4i i G 0 i iiG1
the set of all partitions of t into a sum of t 's. By our finiteness conditioni
 .  .of the semigroup G, the set T t must be finite. For s g T t , we will use
< <  w x.the notation s s s and s!s  s ! cf. Ju . Now for t g G, we define ai i
function
< <s y 1 ! . siW t s d i . 1.9 .  .  . s! .sgT t
 .We will call W t the Witt partition function. Then, using the formal power
 . `  k .series log 1 y t s y t rk and Mobius inversion, we obtain a niceÈks1
 .closed form dimension formula for the homogeneous subspaces L a g G .a
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 w x.THEOREM 1.1 cf. Ka1, Ju . Let V s [ V be a G-graded ¨ectora g G a
space o¨er C, and let L s [ L be the free Lie algebra generated by V.a g G a
Then we ha¨e
< <1 a 1 s y 1 ! . sidim L s m d W s m d d i , .  .  .   a  /d d d s!< <  .d a d a sgT ard
1.10 .
<where m is the classical Mobius function, and, for a positi¨ e integer d, d aÈ
denotes a s dt for some t g G, in which case ard s t .
 .Proof. By the denominator identity 1.7 , we have
1 1ydim La a1 y e s s . . ` t i1 y ch V 1 y  d i e .agG is1
 . `  . kUsing the formal power series log 1 y t s y 1rk t , we obtainks1
from the left-hand side
ydim La aalog 1 y e s y dim L log 1 y e .  .  .  a /
agG agG
` 1
k as dim L e . a kagG ks1
` 1
k as dim L e . .  akagG ks1
On the other hand, the right-hand side yields
k` ` `1 1
t ti ilog s ylog 1 y d i e s d i e .  .  ` t i  /  / /1 y  d i e k .is1 is1 ks1 is1
` 1 s ! .i s i  s ti is d i e . .  k  s ! .iks1  .ss si
s gZG0i
s ski
< <s y 1 ! . si ts d i e .   /s!tgG  .sgT t
s W t et . .
tgG
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Therefore, we have
1 1
W t s dim L s dim L . .  . a t r kk ktsk a <k t
Hence, by Mobius inversion, we obtainÈ
1 a
dim L s m d W . .a  /d d<d a
 .Remark. Even though the proof of the formula 1.10 can also be found
w x w xin Ka1 and Ju , we include the proof here for the following reasons.
 .First, the formula 1.10 can be extended to a dimension formula for any
 w x.G-graded Lie algebras with almost the same proof cf. KaKi . Second, in
 .the proof of Theorem 1.1, observe that the Witt partition function W t is
determined by the identity
1
tW t e s log . 1.11 .  .  /1 y ch HtgG
 .In many cases, we can use the identity 1.11 directly to obtain simple
 .expressions of the Witt partition function W t . Moreover, we will be able
to derive a number of combinatorial identities from various expressions of
 .the Witt partition function W t .
2. THE WITT FORMULA AND ITS GENERALIZATION
 .Suppose V is an r-dimensional vector space over C, and let L s F V
be the free Lie algebra generated by V. For n G 1, let L be the subspacen
ww w x x xof L spanned by all the n-fold brackets ??? ¨ , ¨ ??? ¨ with ¨ g V.1 2 n i
 .Then we have a Z -gradation on the free Lie algebra L s F V s) 0
[ L . In particular, L s V. We will apply our dimension formulanG1 n 1
 .  .  41.10 to this setting. Since deg ¨ s 1 for all ¨ g V, we have P V s 1 ,
and dim V s dim V s r. Thus, for each n G 1, since the only partition of1
 .n into a sum of 1's is n s n 1 , we have
T n s s s n , 0, 0, . . . , 2.1 4 .  .  .
 .and the Witt partition function W n simplifies to
n y 1 ! 1 .
n nW n s r s r . 2.2 .  .
n! n
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 .Indeed, using the identity 1.11 , we have
` `1 1 1
n n nW n q s log s log s r q , .  /1 y ch V 1 y rq nns1 ns1
 .  . nwhich yields W n s 1rn r .
 .Therefore, by our dimension formula 1.10 , we obtain:
 w x.PROPOSITION 2.1 cf. Bo, J, Se . Suppose V is an r-dimensional ¨ector
 . `space o¨er C, and let L s F V s [ L be the free Lie algebra generatedns1 n
by V. Then we ha¨e
1
n r ddim L s m d r . 2.3 .  .n n <d n
 .Therefore, the denominator identity 1.7 yields a product formula
`
n r d .  .1rn  m d rn d < n1 y q s 1 y rq. 2.4 .  .
ns1
 .Proof. By our dimension formula 1.10 , we have
1 n 1 d
n r ddim L s m d W s m d r .  . n  /d d d n< <d n d n
1
n r ds m d r . .n <d n
 .Remark. The formula 2.3 is called the Witt formula for the free Lie
w xalgebra on r generators Bo, J, Se .
More generally, let V s [` V be a Z -graded vector space withis1 i ) 0
 .dim V s d i - ` for all i G 1, and consider the free Lie algebra L si
 .F V generated by V. For n G 1, let L be the subspace of L spanned byn
www w x x x x  .all the vector of the form ??? ¨ , ¨ ??? ¨ ¨ k G 1 with ¨ g V1 2 ky1 k i
such that deg ¨ q ??? qdeg ¨ s n. Then the Lie algebra L has a Z -1 k ) 0
`  .gradation L s [ L . We will apply our dimension formula 1.10 tons1 n
 .  4this setting. Note that P V s Z s 1, 2, 3, . . . , and for n G 1 we have) 0
<T n s s s s s g Z , is s n , 2.5 .  .  . 4i i G 0 iiG1
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the set of all partitions of n into a sum of positive integers. Hence the Witt
 .partition function W n is equal to
< <s y 1 ! . siW n s d i . 2.6 .  .  . s! .sgT n
 .Therefore, by our dimension formula 1.10 , we obtain the following
``one-dimensional generalization'' of the Witt formula:
THEOREM 2.2. Let V s [` V be a Z -graded ¨ector space o¨er Cis1 i ) 0
 . `with dim V s d i - ` for all i G 1, and let L s [ L be the free Liei ns1 n
algebra generated by V. Then we ha¨e
< <1 s y 1 ! . sidim L s m d d i . 2.7 .  .  .  n d s!<  .d n sgT nrd
 .Now, we will consider the applications of the dimension formula 2.7 to
 .several special cases. We first consider the case where d i s r for all
 .i G 1. In this case, the Witt partition function W n is equal to
< <s y 1 ! .
< s <W n s r . 2.8 .  . s! .sgT n
 .  .On the other hand, we can calculate W n directly using the identity 1.11 .
Note that
rq
2 3ch V s rq q rq q rq q ??? s .
1 y q
Thus we have
` 1 1
nW n q s log s log .  /1 y ch V 1 y rqr 1 y q .ns1
1 y q
s log s log 1 y q y log 1 y r q 1 q .  . .
1 y r q 1 q .
` `1 1 nn ns y q q r q 1 q . n nns1 ns1
` 1
ns r q 1 y 1 q . . nns1
It follows that
1 n
W n s r q 1 y 1 . 2.9 .  .  .
n
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Therefore, we obtain a combinatorial identity:
< <s y 1 ! 1 . n< s <r s r q 1 y 1 . 2.10 .  . s! n .sgT n
In particular, if r s 1, we get
< <s y 1 ! 1 .
ns 2 y 1 . . s! n .sgT n
Let k be a positive integer F n. If we compare the coefficients of r k in
 .both sides of 2.10 , we get
k y 1 ! 1 . ns . 2.11 .  /ks! n .sgT n
< <s sk
Note that, in the left-hand side, the sum is taken over all the partitions of
n into a sum of k positive integers, i.e., over all the partitions of n into k
parts.
 .  .Combining 2.9 with the dimension formula 2.7 , we obtain:
PROPOSITION 2.3. Let V s [` V be a Z -graded ¨ector space o¨er Cis1 i ) 0
 . `with dim V s r i G 1 for some r g Z , and let L s [ L be the freei ) 0 ns1 n
Lie algebra generated by V. Then we ha¨e
1 nrddim L s m d r q 1 y 1 .  .n n <d n
1¡ nrd
m d r q 1 if n / 1 .  .~ ns 2.12 .<d n¢r if n s 1.
 .Therefore, the denominator identity 1.7 yields a product formula
q` 1 y r q 1 .n r d .  .w . x1rn  m d rq1 y1n d < n1 y q s . 2.13 .  . 1 y qns1
 .  .Remark. The product formula 2.13 can also be deduced from 2.4
 .and 2.12 .
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 . i  .  .Next, suppose d i s ra i G 1 for some r, a g Z . Then, by 2.6 and) 0
 .  .2.10 , the Witt partition function W n simplifies to
< <s y 1 ! . siiW n s ra .  . s! .sgT n
< < < <s y 1 ! s y 1 ! .  .
 s  i s n < s <i is r a s a r s! s! .  .sgT n sgT n
1 nns a r q 1 y 1 . 2.14 .  .
n
 .  .By combining 2.14 with the dimensional formula 2.7 , we obtain:
PROPOSITION 2.4. Let V s [` V be a Z -graded ¨ector space o¨er Cis1 i ) 0
i  . `with dim V s ra i G 1 for some r, a g Z , and let L s [ L be thei ) 0 ns1 n
free Lie algebra generated by V. Then we ha¨e
1 nrdn r ddim L s m d a r q 1 y 1 . 2.15 .  .  .n n <d n
 .Therefore, the denominator identity 1.7 yields a product formula
` 1 y r q 1 aq .n r d n r d .  . w . x1rn  m d a rq1 y1n d < n1 y q s . 2.16 .  . 1 y aqns1
 .  .Remark. The product formula 2.16 can also be deduced from 2.4 .
 .  .Combining 2.16 with 2.13 , we obtain the following exchange principle:
COROLLARY 2.5.
`
n r d .  .w . x1rn  m d rq1 y1n n d < n1 y a q .
ns1
`
n r d n r d .  .w . x1rn  m d rq1 y1 an d < ns 1 y q . 2.17 .  .
ns1
 .  .  .Now, let us consider the case where d 1 s 0 and d i s a i y 1
 .  .i G 2 for some a g Z . In this case, the Witt partition function W n is) 0
equal to
< <s y 1 ! . siW n s a i y 1 .  . s! .sgT n
< <s y 1 ! . si< s <s a i y 1 . 2.18 .  . s! .sgT n
KANG AND KIM572
On the other hand, since
` ` `
i 2 iy2 2 iy1ch V s a i y 1 q s aq i y 1 q s aq iq .  .  
is2 is2 is1
X 21 aq
2s aq s ,2 /1 y q 1 y q .
we have
` 1 1
nW n q s log s log . 2 / 21 y ch V 1 y aq r 1 y q .ns1
21 y q .
s log 2 21 y q y aq .
21 y q .
s log ’ ’1 y 1 y a q 1 y 1 q a q .  .
’s 2 log 1 y q y log 1 y 1 y a q .  .
’y log 1 y 1 q a q .
` ` `2 1 1n nn n n’ ’s y q q 1 y a q q 1 q a q .  .  n n nns1 ns1 ns1
` 1 n n n’ ’s 1 q a q 1 y a y 2 q . .  .  /nns1
It follows that
1 n n’ ’W n s 1 q a q 1 y a y 2 . 2.19 .  . .  . /n
Therefore, we obtain a combinatorial identity:
< <s y 1 ! 1 . n nsi< s < ’ ’a i y 1 s 1 q a q 1 y a y 2 .  .  .   /s! n .sgT n
w xnr22 n ks a . 2.20 .  /2kn ks1
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If a s 1, then we get
< <s y 1 ! 2 . si ny1i y 1 s 2 y 1 . .  . s! n .sgT n
 .By 2.10 , we have
< <t y 1 ! .
ny12 y 1 s n y 1 . .  t! .tgT ny1
It follows that
< < < <s y 1 ! 2 n y 1 t y 1 ! .  .  .sii y 1 s .  s! n t! .  .sgT n tgT ny1
2
ny1s 2 y 1 , 2.21 .  .
n
which relates a Witt partition function associated with the partitions of n
and a Witt partition function associated with the partitions of n y 1.
Moreover, let k be a positive integer F n. Then, by comparing the
k  .coefficients of a of both sides of 2.20 , we get
k y 1 ! 2 . s nii y 1 s . 2.22 .  .   /2ks! n .sgT n
< <s sk
 .  .For k F nr2, by combining 2.22 with 2.11 we obtain
k y 1 ! 2k y 1 ! .  .sii y 1 s 2 . 2.23 .  .  s! s! .  .sgT n sgT n
< < < <s sk s s2 k
w xIn particular, if k ) nr2 , then
k y 1 ! . sii y 1 s 0. . s! .sgT n
< <s sk
 . < < w xIndeed, if s g T n and s s k ) nr2 , then we must have s ) 0, and1
 . sihence P i y 1 s 0, which implies the above identity.
 .  .Now, combining 2.19 with the dimension formula 2.7 , we obtain:
PROPOSITION 2.6. Let V s [` V be a Z -graded ¨ector space o¨er Cis1 i ) 0
 .  .with dim V s 0 and dim V s a i y 1 i G 2 for some a g Z , and let1 i ) 0
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L s [` L be the free Lie algebra generated by V. Then we ha¨ens1 n
1 nrd nrd’ ’dim L s m d 1 q a q 1 y a y 2 .  .  .  /n n <d n
1¡ nrd nrd’ ’m d 1 q a q 1 y a if n / 1 .  .  .  /~ ns <d n¢0 if n s 1.
2.24 .
 .Therefore, the denominator identity 1.7 yields a product formula
`
n r d n r d .  . .  . .1rn  m d 1q a q 1y a y2’ ’n d < n1 y q .
ns1
2 21 y q y aq .
s . 2.25 .21 y q .
 .  .Remark. The product formula 2.25 can also be deduced from 2.4
’ ’ .  .and 2.24 . When a s 2, « s 1 q 2 is the fundamental unit of Q 2
 .and 2.25 can be rewritten as
`
n r d .  .  .1rn  m d Tr «n 2d < n1 y q s 1 y 2 q y q , 2.26 .  .
ns1
’ .where Tr is the trace map from Q 2 to Q.
 .  . 2 . iy2  .Finally, suppose d 1 s 0 and d i s aa i y 1 b i G 2 for some
 .positive integers a, a , and b. In this case, the Witt partition function W n
is equal to
< <s y 1 ! . si2 iy2W n s aa i y 1 b .  . s! .sgT n
< <s y 1 ! . si< s < 2 < s < ny2 < s <s a a b i y 1 . s! .sgT n
< <s2< <s y 1 ! aa . sins b i y 1 . 2.27 .  . 2 /s! b .sgT n
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On the other hand, note that
` `
iy22 iy2 i 2 2ch V s aa i y 1 b q s aa q i y 1 bq .  .  . 
is2 is2
X` 1 1iy12 2 2 2s aa q i bq s aa q .  /b 1 y bqis1
aa 2q2
s .21 y bq .
It follows that
` 1 1
nW n q s log s log . 2 / 2 21 y ch V 1 y aa q r 1 y bq .ns1
21 y bq .
s log 2 2 21 y bq y aa q .
21 y bq .
s log ’ ’1 y b q a q 1 y b y a a q .  . .  .
’s 2 log 1 y bq y log 1 y b q a a q .  . .
’y log 1 y b y a a q . .
` `2 1 nn n n’s y b q q b q a a q . n nns1 ns1
` 1 n n’q b y a a q . nns1
` 1 n n n n’ ’s b q a a q b y a a y 2b q , .  . nns1
which yields
1 n n n’ ’W n s b q a a q b y a a y 2b . 2.28 .  . .  .
n
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Therefore, we obtain a combinatorial identity:
< <s2< <s y 1 ! aa . sinb i y 1 . 2 /s! b .sgT n
1 n n n’ ’s b q a a q b y a a y 2b . 2.29 . .  .
n
 .  .Now, by combining 2.28 with the dimensional formula 2.7 , we obtain:
PROPOSITION 2.7. Let V s [` V be a Z -graded ¨ector space o¨er Cis1 i ) 0
2 . iy2  .with dim V s 0 and dim V s aa i y 1 b i G 2 for some a, a , b g1 i
Z , and let L s [` L be the free Lie algebra generated by V. Then we) 0 ns1 n
ha¨e
1 nrd nrd n r d’ ’dim L s m d b q a a q b y a a y 2b . .  .  .n n <d n
2.30 .
 .Therefore, the denominator identity 1.7 yields a product formula
`
n r d n r d n r d .  .w .  . x1rn  m d bqa a q bya a y2 b’ ’n d < n1 y q .
ns1
2 2 21 y bq y aa q .
s . 2.31 .21 y bq .
 .  .Remark. a The product formula 2.31 can also be deduced from
 .2.4 .
’ .b Let a be a square free positive integer and let g s b q a a g
’w x  .Z a . Then 2.31 can be rewritten as
`
n r d .  .  .1rn  m d Tr gn 2d < n1 y q s 1 y Tr g q q N g q , 2.32 .  .  .  .
ns1
 .which generalizes 2.26 . Here, Tr and N are the trace and the norm maps
’ .from Q a to Q.
We collect the combinatorial identities we obtained in this section in the
following proposition.
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PROPOSITION 2.8.
< <s y 1 ! 1 . n< s <a r s r q 1 y 1 , .  . s! n .sgT n
< <s y 1 ! 1 .
ns 2 y 1 . . s! n .sgT n
k y 1 ! 1 . nb s . .   /ks! n .sgT n
< <s sk
< <s y 1 ! . si< s <c a i y 1 .  . s! .sgT n
1 n n’ ’s 1 q a q 1 y a y 2 .  . /n
w xnr22 n ks a ,  /2kn ks1
< < < <s y 1 ! 2 n y 1 t y 1 ! .  .  .sid i y 1 s .  .  s! n t! .  .sgT n tgT ny1
2
ny1s 2 y 1 . .
n
k y 1 ! 2k y 1 ! .  .sie i y 1 s 2 .  .  s! s! .  .sgT n sgT n
< < < <s sk s s2 k
2 nns for 1 F k F . /2kn 2
< <s2< <s y 1 ! aa . sinf b i y 1 .  . 2 /s! b .sgT n
1 n n n’ ’s b q a a q b y a a y 2b . .  .
n
3. FURTHER GENERALIZATION
 .In this section, we consider Z = Z -graded vector spaces V s) 0 ) 0
`  .  .[ V with dim V s d i, j - ` for all i, j G 1. Let L s F V bei, js1  i, j.  i, j.
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the free Lie algebra generated by V. For m, n G 1, let L bem , n.
the subspace of L spanned by all the vectors of the form
www w x x x x  .??? ¨ , ¨ ??? ¨ ¨ k G 1 with ¨ g V such that deg ¨1 2 ky1 k i 1
 .  .q ??? qdeg ¨ s m, n . Then the Lie algebra L has a Z = Z -k ) 0 ) 0
`  .gradation L s [ L . We will apply our dimension formula 1.10m , ns1 m , n.
to this setting. Note that
<P V s Z = Z s i , j i , j s 1, 2, 3, . . . , 4 .  .) 0 ) 0
and for m, n G 1 we have
<T m , n s s s s s g Z , s i , j s m , n , 3.1 .  .  .  .  . 5i j i j G 0 i ji , jG1
 .which is the set of all partitions of m, n into a sum of ordered pairs of
 .positive integers. Hence the Witt partition function W m, n is equal to
< <s y 1 ! . si jW m , n s d i , j , 3.2 .  .  . s! .sgT m , n
< <  .where s s s and s!s  s !. Therefore, our dimension formula 1.10i j i j
yields the following ``two-dimensional generalization'' of the Witt formula:
`  .THEOREM 3.1. Let V s [ V be a Z = Z -graded ¨ectori, js1  i, j. ) 0 ) 0
 .space o¨er C with dim V s d i, j - ` for all i, j G 1, and let L s i, j.
[` L be the free Lie algebra generated by V. Then we ha¨em , ns1 m , n.
< <1 s y 1 ! . si jdim L s m d d i , j . 3.3 .  .  .  m , n. d s!< .  .d m , n sgT mrd , nrd
 .Now, we will consider the applications of the dimension formula 3.3 to
 .  .various special cases. We first consider the case where d i, j s r i, j G 1
for some positive integer r. In this case, the Witt partition function
 .W m, n is equal to
< <s y 1 ! .
< s <W m , n s r . 3.4 .  . s! .sgT m , n
On the other hand, since
` ` ` rpq
i j i jch V s rp q s rpq p q s ,   /  / 1 y p 1 y q .  .i , js1 is0 js0
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we have
`
m nW m , n p q .
m , ns1
1 rpq
s log s log 1 1 y / /  /1 y ch V 1 y p 1 y q .  .
1 y p 1 y q .  .
s log
1 y p 1 y q y rpq .  .
1 y p 1 y q .  .
s log
1 y p q q q r y 1 pq .
s log 1 y p q log 1 y q y log 1 y p q q q r y 1 pq .  .  . .
` ` `1 1 1 kk ks y p y q q p q q q r y 1 pq .  k k kks1 ks1 ks1
` `1 1
k ks y p y q k kks1 ks1
` 1 k! ca b c cq p q r y 1 p q . k a!b!c!ks1 aqbqcsk
a , b , cG0
` 1 k! c aqc bqcs r y 1 p q . k a!b!c!ks1 aqbqcsk
a , b , cG0
a/k , b/k
 .min m , n` m q n y c y 1 ! . c m ns r y 1 p q , .  m y c ! n y c !c! .  .m , ns1 cs0
which yields
 .min m , n m q n y c y 1 ! . c
W m , n s r y 1 . 3.5 .  .  . m y c ! n y c !c! .  .cs0
Therefore, we obtain a combinatorial identity
 .min m , n< <s y 1 ! m q n y c y 1 ! .  . c< s <r s r y 1 . 3.6 .  . s! m y c ! n y c !c! .  . . cs0sgT m , n
If r s 1, we get
< <s y 1 ! m q n y 1 ! 1 .  . m q ns s .  /ns! m!n! m q n .sgT m , n
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 .It follows from 2.11 that
1 n y 1 ! m y 1 ! .  .m q n s s .  /nm q n t! t! .  .tgT mqn tgT mqn
< < < <t sn t sm
Therefore, we obtain a combinatorial identity, which relates a Witt parti-
tion function associated with the partitions of an ordered pair of positive
integers into a sum of ordered pairs of positive integers and a Witt
partition function associated with the partitions of a positive integer into a
sum of positive integers:
< <s y 1 ! n y 1 ! .  .
s s! t! .  .sgT m , n tgT mqn
< <t sn
m y 1 ! 1 . m q ns s . 3.7 .  /nt! m q n .tgT mqn
< <t sm
k  .  .If we compare the coefficients of r k F m, n of both sides of 3.6 , we
get another combinatorial identity:
 .min m , nk y 1 ! m q n y c y 1 ! .  . cykcs y1 .   /ks! m y c ! n y c !c! .  . . csksgT m , n
< <s sk
 .min m , n 1 cykcm q n y c ns y1 . .  /  /  /n c km q n y ccsk
3.8 .
 .Suppose m G n and let k s n. Then 3.8 yields
n y 1 ! m y 1 ! 1 .  . ms s .  /ns! m y n !n! m . .sgT m , n
< <s sn
 .  .Moreover, if m ) n, by 2.11 and 3.7 , we have
< <1 n y 1 ! s y 1 ! .  .m s s .  /nm t! s! .  .tgT m sgT myn , n
< <t sn
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Therefore, if m ) n, we obtain the following combinatorial identity:
n y 1 ! n y 1 ! .  .
s s! t! .  .sgT m , n tgT m
< < < <s sn t sn
< <s y 1 ! 1 . ms s . 3.9 .  /ns! m .sgT myn , n
 .EXAMPLE 3.2. Let m s 5, n s 3. Then the partitions s g T 5, 3 with
< <s s 3 are
5, 3 s 1, 1 q 1, 1 q 3, 1 .  .  .  .
s 1, 1 q 2, 1 q 2, 1 , .  .  .
and they are in 1]1 correspondence with
5 s 1 q 1 q 3
s 1 q 2 q 2,
 .the partitions of 5 into 3 parts. On the other hand, the partitions s of 2, 3
are
2, 3 s 2, 3 .  .
s 1, 1 q 1, 2 . .  .
It is straightforward to check that
< <2! 2! s y 1 ! .
s s  s! t! s! .  .  .sgT 5, 3 tgT 5 sgT 2, 3
< < < <s s3 t s3
1 5s s 2. /35
 .  .  .Now combining 3.4 and 3.5 with the dimension formula 3.3 , we
obtain:
`  .PROPOSITION 3.3. Let V s [ V be a Z = Z -graded ¨ectori, js1  i, j. ) 0 ) 0
 .space o¨er C with dim V s r i, j G 1 for some positi¨ e integer r, and let i, j.
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L s [` L be the free Lie algebra generated by V. Then we ha¨em , ns1 m , n.
< <1 s y 1 ! .
< s <dim L s m d r . m , n. d s!< .  .d m , n sgT mrd , nrd
1
s m d . d< .d m , n
=
 .min mrd , nrd mrd q nrd y c y 1 ! . c
r y 1 . 3.10 .  . mrd y c ! nrd y c !c! .  .cs0
 .Therefore, by letting l m, n s dim L for all m, n G 1, the denominatorm , n.
 .identity 1.7 yields a product formula
` 1 y p q q q r y 1 pq . .l m , nm n1 y p q s . 3.11 .  . 1 y p 1 y q .  .m , ns1
 . i j  .Next, we consider the case where d i, j s ra b i, j G 1 for some
positive integers r, a, and b. In this case, the Witt partition function
 .W m, n is equal to
< <s y 1 ! . si ji jW m , n s ra b .  . s! .sgT m , n
< <s y 1 ! .
m n < s <s a b r . 3.12 . /s! .sgT m , n
 .By 3.6 , we get
 .min m , n m q n y c y 1 ! . cm nW m , n s a b r y 1 . 3.13 .  .  . m y c ! n y c !c! .  .cs0
 .  .  .Combining 3.12 and 3.13 with the dimension formula 3.3 , we obtain:
`  .PROPOSITION 3.4. Let V s [ V be a Z = Z -graded ¨ectori, js1  i, j. ) 0 ) 0
i j  .space o¨er C with dim V s ra b i, j G 1 for some positi¨ e integers r, a, i, j.
and b, and let L s [` L be the free Lie algebra generated by V.m , ns1 m , n.
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Then we ha¨e
< <1 s y 1 ! .
m r d n r d < s <dim L s m d a b r . m , n. d s!< .  .d m , n sgT mrd , nrd
1
m r d n r ds m d a b . d< .d m , n
=
 .min mrd , nrd mrd q nrd y c y 1 ! . c
r y 1 . 3.14 .  . mrd y c ! nrd y c !c! .  .cs0
 .Therefore, by letting l m, n s dim L for all m, n G 1, the denominatorm , n.
 .identity 1.7 yields a product formula
` 1 y ap q bq q r y 1 abpq . .l m , nm n1 y p q s . 3.15 .  . 1 y qp 1 y bp .  .m , ns1
 .  .Comparing 3.11 and 3.15 , we obtain the following double exchange
 .principle which is an analogue of 2.17 :
COROLLARY 3.5.
`
 .  .  . 1rd m d S mrd , nrdm m n n d <m , n. r1 y a p b q .
m , ns1
`
m r d n r d .  .  . 1rd m d S mrd , nrd a bm n d <m , n. rs 1 y p q , 3.16 .  .
m , ns1
where
< <s y 1 ! .
< s <S m , n s r . r s! .sgT m , n
 .min m , n m q n y c y 1 ! . cs r y 1 . . m y c ! n y c !c! .  .cs0
 .  . . i j  .Finally, suppose d i, j s a i y 1 j y 1 a b i, j G 2 for some posi-
 .tive integers a, a , and b. Then the Witt partition function W m, n is
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equal to
< <s y 1 ! . si ji jW m , n s a i y 1 j y 1 a b .  .  . s! .sgT m , n
< <s y 1 ! . s si j i j< s < m ns a a b i y 1 j y 1 .  . s! .sgT m , n
< <s y 1 ! . s si j i jm n < s <s a b a i y 1 j y 1 . 3.17 .  .  .  /s! .sgT m , n
On the other hand, note that
`
i jch V s a i y 1 j y 1 a p bq .  .  .  .
i , js2
`
2 2 iy2 jy2s a a p bq i y 1 j y 1 a p bq .  .  .  .  .  .
i , js2
` `
2 2 iy1 jy1s a a p bq i a p j bq .  .  .  . 
is1 js1
X X1 1 1 12 2s a a p bq .  .  /  /a 1 y a p b 1 y bq
2 2a a p bq .  .
s .2 21 y a p 1 y bq .  .
Therefore, we have
`
m nW m , n p q .
m , ns1
1 1
s log s log 2 2 /1 y ch V a a p bq .  .
1 y 2 21 y a p 1 y bq .  .
2 21 y a p 1 y bq .  .
s log 2 2 2 21 y a p 1 y bq y a a p bq .  .  .  .
2 21 y a p 1 y bq .  .
s log ’1 y a p 1 y bq q a ab pq .  .
’= 1 y a p 1 y bq y a ab pq .  .
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2 21 y a p 1 y bq .  .
s log ’1 y a p q bq y a q 1 ab pq . .
’= 1 y a p q bq q a y 1 ab pq . .
s 2 log 1 y a p q 2 log 1 y bq .  .
’ylog 1 y a p q bq y a q 1 ab pq . .
’ylog 1 y a p q bq q a y 1 ab pq . .
` `1 1k ks y2 a p y 2 bq .  . k kks1 ks1
` 1 k! r 2 tq a p bq y1 .  .  . k r !s!t!ks1 rqsqtsk
r , s , tG0
t t t’= a q 1 a p bq .  . .
` 1 k! tr s t t’q a p bq a y 1 a p bq .  .  .  . . k r !s!t!ks1 rqsqtsk
r , s , tG0
` 1 k! tt rqt sqt’s y1 a q 1 a p bq .  .  . . k r !s!t!ks1 rqsqtsk
r , s , tG0
r/k , s/k
` 1 k! t rqt sqt’q a y 1 a p bq .  . . k r !s!t!ks1 rqsqtsk
r , s , tG0
r/k , s/k
 .min m , n` m q n y c y 1 ! . cc ’s y1 a q 1 .  .  m y c ! n y c !c! .  .m , ns1 cs0
= a mb npmq n
 .min m , n` m q n y c y 1 ! . c’q a y 1 .  m y c ! n y c !c! .  .m , ns1 cs0
= a mb npmq n
 .min m , n` m q n y c y 1 ! . cm n ’s a b a y 1 .  m y c ! n y c !c! .  .m , ns1 cs0
cc m n’q y1 a q 1 p q . .  . /
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It follows that
 .min m , n m q n y c y 1 ! .
m nW m , n s a b .  m y c ! n y c !c! .  .cs0
=
c cc’ ’a y 1 q y1 a q 1 , 3.18 .  . .  . /
which yields a combinatorial identity:
< <s y 1 ! . s si j i j< s <a i y 1 j y 1 .  . s! .sgT m , n
 .min m , n m q n y c y 1 ! . c cc’ ’s a y 1 q y1 a q 1 . . .  .  /m y c ! n y c !c! .  .cs0
3.19 .
If a s 1, we get
< <s y 1 ! . s si j i ji y 1 j y 1 .  . s! .sgT m , n
 .min m , n m q n y c y 1 ! . cs y2 . 3.20 .  . m y c ! n y c !c! .  .cs0
k  .Moreover, if we compare the coefficients of a k F m, n of both sides
 .of 3.19 , we get
k y 1 ! . s si j i ji y 1 j y 1 .  . s! .sgT m , n
< <s sk
 .min m , n m q n y c y 1 ! . ccs 2 y1 .  /2km y c ! n y c !c! .  .cs2 k
 .min m , n 1 ccm q n y c ns 2 y1 . 3.21 .  .  /  /  /n c 2km q n y ccs2 k
w x  .  .For k F nr2 , by combining 3.21 with 3.8 , we obtain
k y 1 ! 2k y 1 ! .  .s si j i ji y 1 j y 1 s 2 . .  .  s! s! .  .sgT m , n sgT m , n
< < < <s sk s s2 k
3.22 .
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Observe that
< <s y 1 ! . s si j i ji y 1 j y 1 s 0. .  . s! .sgT m , n
< < w xs ) nr2
In particular, if k s 0, we get
 .min m , n m q n y c y 1 ! . cy1 . m y c ! n y c !c! .  .cs0
 .min m , n 1 cm q n y c ns y1 s 0, 3.23 .  .  /  /n cm q n y ccs0
 .which can also be deduced from 3.8 . Moreover, if m G n, then by
k w x  .comparing the coefficients of a with k s nr2 in 3.21 , we obtain
w xnr2 y 1 ! . s si j i ji y 1 j y 1 .  . s! .sgT m , n
< < w xs s nr2
2¡ m y 1 if n s 2k /n y 1n~s 3.24 .
m y 12 if n s 2k q 1.¢  /n y 2
 .  .  .Note that 3.24 can also be deduced from 3.8 and 3.22 .
 .  .  .Now, combining 3.17 and 3.18 with the dimension formula 3.3 , we
obtain:
`  .PROPOSITION 3.6. Let V s [ V be a Z = Z -graded ¨ectori, js1  i, j. ) 0 G 0
 . . i i  .space o¨er C with dim V s a i y 1 j y 1 a b i, j G 1 for some posi- i, j.
ti¨ e integers a, a , and b , and let L s [` L be the free Lie algebram , ns1 m , n.
generated by V. Then we ha¨e
1
m r d n r ddim L s m d a b .m , n. d< .d m , n
< <s y 1 ! . s si j i j< s <= a i y 1 j y 1 .  .  /s! .sgT mrd , nrd
1
m r d n r ds m d a b . d< .d m , n
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=
 .min mrd , nrd mrd q nrd y c y 1 ! .
 mrd y c ! nrd y c !c! .  .cs0
=
c cc’ ’a y 1 q y1 a q 1 . 3.25 .  . .  . /
 .Therefore, by letting l m, n s dim L for all m, n G 1, the denominatorm , n.
 .identity 1.7 yields a product formula
2 2 2 2` 1 y a p 1 y bq y a a p bq .  .  .  . .l m , nm n1 y p q s . . 2 21 y a p 1 y bqm , ns1  .  .
3.26 .
 .  .Remark. The product formula 3.26 can also be deduced from 3.15 .
We collect the combinatorial identities we obtained in this section in the
following proposition.
PROPOSITION 3.7.
 .min m , n< <s y 1 ! m q n y c y 1 ! .  . c< s <a r s r y 1 . .  . s! m y c ! n y c !c! .  . . cs0sgT m , n
< <s y 1 ! n y 1 ! .  .
b s .  s! t! .  .sgT m , n tgT mqn
< <t sn
m y 1 ! 1 . m q ns s .  /nt! m q n .tgT mqn
< <t sm
k y 1 ! .
c .  s! .sgT m , n
< <s sk
 .min m , n m q n y c y 1 ! . cykcs y1 .  /km y c ! n y c !c! .  .csk
 .min m , n 1 cykcm q n y c ns y1 . .  /  /  /n c km q n y ccsk
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n y 1 ! n y 1 ! 1 .  . md s s m G n .  .   /ns! t! m .  .sgT m , n tgT m
< < < <s sn t sn
< <s y 1 ! .
s m ) n . . s! .sgT myn , n
< <s y 1 ! . s si j i j< s <e a i y 1 j y 1 .  .  . s! .sgT m , n
 .min m , n m q n y c y 1 ! .
s  m y c ! n y c !c! .  .cs0
=
c cc’ ’a y 1 q y1 a q 1 . . .  . /
< <s y 1 ! . s si j i jf i y 1 j y 1 .  .  . s! .sgT m , n
 .min m , n m q n y c y 1 ! . cs y2 . . m y c ! n y c !c! .  .cs0
k y 1 ! . s si j i jg i y 1 j y 1 .  .  . s! .sgT m , n
< <s sk
 .min m , n m q n y c y 1 ! . ccs 2 y1 .  /2km y c ! n y c !c! .  .cs2 k
 .min m , n 1 ccm q n y c ns 2 y1 . .  /  /  /n c 2km q n y ccs2 k
w x2k y 1 ! n .
s 2 for 1 F k F . s! 2 .sgT m , n
< <s s2 k
 .min m , n m q n y c y 1 ! . c
h y1 .  . m y c ! n y c !c! .  .cs0
 .min m , n 1 cm q n y c ns y1 s 0. .  /  /n cm q n y ccs0
w xnr2 y 1 ! . s si j i ji i y 1 j y 1 .  .  . s! .sgT m , n
< < w xs s nr2
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2¡ m y 1 if n is e¨en F m /n y 1n~s
m y 12 if n is odd F m.¢  /n y 2
4. PRODUCT FORMULA FOR FORMAL POWER SERIES
In this section, we will discuss the relation of the free Lie algebras and
the product formulas for formal power series. Let G be a countable
abelian semigroup satisfying the finiteness condition given in Section 1.
Consider a formal power series
1 y d a ea with d a g Z for all a g G. 4.1 .  .  . ) 0
agG
Suppose we have a product formula for the above formal power series
 .c aa a1 y e s 1 y d a e 4.2 .  .  . 
agG agG
 .  .for some positive integers c a . Then the identity 4.2 can be interpreted
as the denominator identity for a suitably defined free Lie algebra.
More precisely, let V s [ V be a G-graded vector space over Ca g G a
 .  .with dim V s d a for all a g G. Then the right-hand side of 4.2 can bea
interpreted as 1 y ch V. Let L be the free Lie algebra generated by V. As
we have seen in Section 1, the Lie algebra L has a G-gradation L s
 .[ L induced by that of V, and the denominator identity 1.7 for thea g G a
free Lie algebra L can be written as
dim La aa1 y e s 1 y ch V s 1 y d a e . 4.3 .  .  . 
agG agG
 .Therefore, the identity 4.2 is equal to the denominator identity for the
free Lie algebra L s [ L . In particular, we havea g G a
dim L s c a for all a g G. 4.4 .  .a
 4On the other hand, let t , t , t , . . . be an enumeration of G, and we1 2 3
 .  .make d i s d t s dim V for all i s 1, 2, 3, . . . . Then we can apply ouri t i
 .dimension formula 1.10 to the free Lie algebra L s [ L , whicha g G a
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would yield a combinatorial identity:
< <1 s y 1 ! . sic a s m d d i . 4.5 .  .  .  .  d s!<  .d a sgT ard
As an application, let us consider the elliptic modular function j. We
write
`
n y1 2j q y 744 s c n q s q q 196884q q 21493760q q ??? . .  .
nsy1
4.6 .
 .  .  .Hence c y1 s 1, c 0 s 0, and c 1 s 196884, etc.
w xIt is shown in B2 that the modular function j satisfies a product
formula
 .c m ny1 m np 1 y p q s j p y j q . 4.7 .  .  .  .
m)0
ngZ
 .  .  .Observing that c 0 s 0 and c yk s 0 for k ) 1, 4.7 can be rewritten
as
` j p y j q .  . .c m nm n1 y p q s . 4.8 .  . y1 y1p y qm , ns1
 .We expand the right-hand side of 4.8 as follows:
j p y j q ` c n pn y q n .  .  .  .nsy1sy1 y1 y1 y1p y q p y q
py1 y qy1 q ` c n pn y q n .  .ns1s y1 y1p y q
` n np y q
s 1 y pq c n . p y qns1
`
ny1 ny2 ny1s 1 y pq c n p q p q q ??? qq .  .
ns1
` n
nykq1 ks 1 y c n p q . 
ns1 ks1
`
i js 1 y c i q j y 1 p q . .
i , js1
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Therefore we obtain a product formula
` `
 .c m nm n i j1 y p q s 1 y c i q j y 1 p q . 4.9 .  .  . 
m , ns1 i , js1
`  .Now, let V s [ V be a Z = Z -graded vector space over Ci, js1  i, j. ) 0 ) 0
 .with dim V s c i q j y 1 for all i, j G 1, and let L be the free Lie i, j.
 .algebra generated by V. Then the Lie algebra L has a Z = Z -) 0 ) 0
`  .gradation L s [ L induced by that of V, and the identity 4.9 ism , ns1 m , n.
the denominator identity for the free Lie algebra L. Therefore, we have
dim L s c mn for all m , n G 1. 4.10 .  .m , n.
 .On the other hand, we can apply our dimension formula 1.10 to the
 . `Z = Z -graded free Lie algebra L s [ L . In this case,) 0 ) 0 m , ns1 m , n.
recall that
<P V s Z = Z s i , j i , j s 1, 2, 3, . . . , 4 .  .) 0 ) 0
and for m, n G 1 we have
<T m , n s s s s s g Z , s i , j s m , n , .  .  .  . 5i j i j G 0 i ji , jG1
 .which is the set of all partitions of m, n into a sum of ordered pairs of
 .  .positive integers cf. Section 3 . Hence the Witt partition function W m, n
is equal to
< <s y 1 ! . si jW m , n s c i q j y 1 . 4.11 .  .  . s! .sgT m , n
 .Therefore, our dimension formula 1.10 yields:
`  .PROPOSITION 4.1. Let V s [ V be a Z = Z -graded ¨ectori, js1  i, j. F 0 ) 0
 .  .space o¨er C with dim V s c i q j y 1 for all i, j G 1, where the c n i, j.
are the coefficients of the elliptic modular function
`
n y1 2j q y 744 s c n q s q q 196884q q 21493760q q ??? . .  .
nsy1
Let L s [` L be the free Lie algebra generated by V. Then we ha¨em , ns1 m , n.
< <1 s y 1 ! . si jdim L s m d c i q j y 1 . .  .  m , n. d s!< .  .d m , n sgT mrd , nrd
4.12 .
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 .  .Combining 4.12 with 4.10 , we obtain the following interesting rela-
 .  .tions for the coefficients c n of the elliptic modular function j q y 744.
COROLLARY 4.2.
< <1 s y 1 ! . si jc mn s m d c i q j y 1 . .  .  .  d s!< .  .d m , n sgT mrd , nrd
4.13 .
 . w xRemark. The relation 4.13 was obtained independently by Kang Ka2
w xand Jurisich Ju using the theory of generalized Kac]Moody algebras. Let
M be the Monster simple group and let V h s [` V h be the Moonshinensy1 n
w x w x w xModule for the Monster simple group M FLM . Then, in JLW and KK ,
 .  .the relation 4.13 was generalized to the relations of the coefficients c ng
 .g g M of the Thompson series
` `h n n<T q s Tr g V q s c n q . .  .  /g n g
nsy1 nsy1
More precisely, for m, n ) 0, we have
< <1 s y 1 ! . si j
dc mn s m d c i q j y 1 . .  .  .  g gd s!< .  .d m , n sgT mrd , nrd
4.14 .
w xIt was pointed out in JLW that these relations completely determine all
 .  .  .  .  .the coefficients c n if the values of c 1 , c 2 , c 3 , and c 5 areg h h h h
 .known for all h g M. In particular, the relation 4.13 is a complete
 .recursive relation determining the coefficients c n of the elliptic modular
 .function j q y 744.
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